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1 Introduction 



> 

rn ' Let A = {1,2,..., n} with 1 < 2 < • • • < n. Then we call 

in : 

: Pl(A) := sgp(A\Q) = A* I _e 

a plactic monoid on the alphabet set A, see [8], where A* is the free monoid generated by 
A, = is the congruence of A* generated by the Knuth relations Q and Q consists of 

OiO k Oj = GkGiOj (i < j < k), 
; OjOiO k = OjO k Oi (i < j < k). 

b : 

Let F be a field. Then F{A\Q) is called the plactic monoid algebra over F of Pl(A). 
The basic theory of plactic monoid was systematically developed in Lascoux and Schiitzenberger 
[9] in 1981. 

D.E. Knuth [6] in 1970, see also Chapter 5 in [8j, shows that Young tableaux are normal 
forms of elements of plactic monoid. 

In a recent paper [7], with the deg-lex ordering on A*, a finite Grobner-Shirshov basis for 
plactic algebra is given when n = 3. They prove that for n > 3, a corresponding Grobner- 
Shirshov basis must be infinite. In fact, it is an open problem to give a corresponding 
Grobner-Shirshov basis by using such a presentation and the deg-lex ordering on A*. 
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In this paper, we present the plactic algebra on an arbitrary alphabet set A by row gener- 
ators. We give a Grobner-Shirshov basis for such the presentation. From the Composition- 
Diamond lemma for associative algebras, it follows that the set of Young tableaux is a 
linear basis of plactic algebra. As the result, it gives a new proof that Young tableaux 
are normal forms of elements of plactic monoid. 

2 Preliminaries 

We first cite some concepts and results from the literatures [21 El [LTJ H2] which are related 
to Grobner-Shirshov bases for associative algebras. 

Let X be a set and F a field. Throughout this paper, we denote F(X) the free asso- 
ciative algebra over F generated by X, X* the free monoid generated by X and N the 
set of non-negative integers. 

A well ordering < on X* is called monomial if for u, v G X*, we have 

u < v =>• w\ u < w\ v for all w G X*, 

where w\ u = w\ Xi ^. u , w\ v = w\ Xi ^ v and Xi S 21X6 the same individuality of the letter Xj G X 
in w. 

A standard example of monomial ordering on X* is the deg-lex ordering which first 
compare two words by degree and then by comparing them lexicographically, where X is 
a well-ordered set. 

Let X* be a set with a monomial ordering <. Then, for any non-zero polynomial 
/ G F(X), f has the leading word /. We call / monic if the coefficient of / is 1. By |/| 
we denote the degree (length) of /. 

Let /, g G F(X) be two monic polynomials and w G X*. If w — fb — ag for 
some a, b G X* such that |/| + \g\ > \w\, then (/, g) w = fb — ag is called the intersection 
composition of /, g relative to w. If w — f — agb for some a, b G X*, then (/, g) w = f ' — agb 
is called the inclusion composition of f,g relative to w. 

Let S C F(X) be a monic set. A composition (f,g) w is called trivial modulo (S, w), 
denoted by 

(f,g)w = mod(S,w) 

if (/, g) w = acidiSibi, where every a» G k, G S, a { , b { G X*, and a^bi < w. 

Recall that S is a Grobner-Shirshov basis in F(X) if any composition of polynomials 
from S is trivial modulo S and corresponding w. 

The following lemma was first proved by Shirshov (TTJ [T2] for free Lie algebras (with 
deg-lex ordering) (see also Bokut [2]). Bokut [3] specialized the approach of Shirshov to 
associative algebras (see also Bergman [lj). For commutative polynomials, this lemma is 
known as Buchberger's Theorem (see [HE]). 

Lemma 2.1 (Composition-Diamond lemma for associative algebras) Let F be a field, 
< a monomial ordering on X* and Id(S) the ideal of F(X) generated by S. Then the 
following statements are equivalent: 

1) S is a Grobner-Shirshov basis in F(X). 
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2) f G Id(S) =>- / = ash for some s G S and a,b e X*. 

3) Irr(S) = {u G X*\u 7^ asb,s G S,a,b G X*} is an F-basis of the algebra A = 
F(X\S) = F(X)/Id(S). 

If a subset S of F(X) is not a Grobner-Shirshov basis then one can add all nontrivial 
compositions of polynomials of S to S. Continuing this process repeatedly, we finally 
obtain a Grobner-Shirshov basis S comp that contains S. Such a process is called Shirshov 
algorithm. 

Let A = sgp(X\S) be a semigroup representation. Then S is also a subset of F(X) and 
we can find Grobner-Shirshov basis S comp . We also call S comp a Grobner-Shirshov basis of 
A. Irr(S comp ) = {u G X*\u ^ a/6, a, & G X*, / G S cornp } is an F-basis of F(X\S) which 
is also a normal form of the semigroup A. 

3 Main theorem 

Let A = {<7j|i G /} be a well-ordered alphabet set. Then we call 

Pl{A) := sgp(A\Q) = A*/ = 

a plactic monoid on the alphabet set A, see [8], where = is the congruence of A* generated 
by the Knuth relations Q and Q consists of 

CiCr fc (Tj = o k OiO,j [pi < Oj < a k ), 
o-jOiOk = o-jO- k ai {pi < Gj < a k ). 

Now, suppose that A = {1, 2, . . . , n} with 1 < 2 < • • • < n. 

Let N be the set of non-negative integers. A word R G A* is called a row if it 
is nondecreasing, for example, R = 111225 is a row. For convenience, denote R = 
(7*1, r%, . . . , r n ), where is the number of letter i (i = 1,2, ... ,n), for example, R = 
111225 = (3,2,0,0, 1,0,..., 0). 

Let U = {R G A* I R is a row}. 

We order the set U* as follows. 

Let R — (7*1, r 2 , . . . , r n ) G £7. Then = 7*1 + • • • + r n is the length of R in A*. 

We first order U: for any R,S&U,R<Sii and only if < |5| or \R\ = \S\ and 
there exists a t (0 < t < n) such that r^ = s,, i = 1, . . . , t and r m > s t+ i. Clearly, this is 
a well ordering on U. 

Then, we order U* by the deg-lex ordering. We will use this ordering throughout this 
paper. 

Let R,SaU. Then R dominates S if \R\ < \S\ and each letter of R is larger than the 
corresponding letter of S. 

A (semistandard) Young tableau on A (see [8]) is a word w = R1R2 • ■ ■ Rt G U* such 
that R{ dominates Ri+i, i = 1, . . . , t — 1. For example, 4556 • 223357 • 1112444 is a Young 
tableau. 

The following algorithm was introduced by Schensted [TDJ in 1961. 
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Definition 3.1 (Schensted's algorithm lffl$ ) 
Let Re U, x E A. 

^ _ ( Rx, if Rx is a row, 
\ y ■ R' , otherwise 

where y is the leftmost letter in R and is strictly larger than x, and R' = R \ yt -+ x , i.e., R' 
is obtained from R by replacing y by x. 

Then, for any R, S G U, by induction, it is clear that there exist uniquely R',S' G U 
such that R ■ S = R' ■ S' and R' ■ S' is a Young tableau, where R' is empty if R ■ S = S' is 
a row. 

It is clear that 

sgp(U | A) = sgp(A | fi) 

and so F(U | A) = F(A \ SI), where A = {R ■ S = R' ■ S', R, S G U}. 
The following is the main theorem of the paper. 

Theorem 3.2 Let the notation be as before. Then with the deg-lex ordering on U* , A is 
a Grobner-Shirshov basis for the plactic algebra F(U \ A). 

By using Composition-Diamond lemma for associative algebras (Lemma 12.11) and The- 
orem [321 we have the following corollary. 

Corollary 3.3 ([8], Chapter 5) The set of Young tableaux on A is a normal form of the 
plactic monoid sgp(A \ fl). 

We will prove Theorem 13.21 by assuming that A — {1, 2, . . . , n} with 1 < 2 < • - • < n. 

Remark: For an arbitrary well-ordered set A, we define similarly a row on A*, Schensted's 
algorithm, Young tableau on A and the set A. Then for an arbitrary well-ordered set A, 
similar to the proof of A to be finite, we also have Theorem 13.21 and Corollary 13.31 



4 A proof of Theorem 13.2 



4.1 Technique formulas 

Let (0i, . . . , 4> n ) G U . Denote $ p = Y7i=\ 4>i (1 ^ P ^ n ) ? where represents any lowercase 
symbol and $ the corresponding uppercase symbol. 

Definition 4.1 Let W = (wi, w%, . . . , w n ), Z = (z\, z%, . . . , z n ) G U . Define an algorithm 

W-Z = (w 1 ,w 2 ,...,w n )(z 1 ,z 2 ,...,z n ) 

= (x 1 ,x 2 ,...,x n )(yi,y 2 ,...,yn) 
= X-Y 
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where X = (x 1 ,x 2 , . . .,x n ),Y = (yi,y 2 , ■ ■ -,y n ), x t = and 

x p = min(Z p _i- Xp-^Wp), 
X p = min(Zp-i,Xp-i+w p ), 

Vq ^q Zq %qi 

Y q = W q + Z q -X q , 
where n > p > 2, n > q > 1. Clearly, either X,Y G U orYElf and X = (0, 0, . . . , 0). 
The formulas in Definition 14.11 are very useful in the proof of Theorem 13.21 



Lemma 4.2 The algorithms in Definition J^A_ and Definition \3.1\ are equivalent. 

Proof. Definition O Definition O 

Suppose that W = (wi, w 2 , ■ ■ ■ , w n ) G U and Z is a letter. Then we can express 
Z = (0, . . . , 0, Zp, 0, . . . , 0), where z p = 1 (1 < p < n). 

Clearly Z\ = Z 2 = • ■ ■ — Z p _i = and Z p = Z p+ i = ■ ■ ■ = Z n = 1. Since X\ = X\ = 
and Definition 14.11 x i — vrdn{Z\ — X\, w 2 ) = 0. Similarly, X3 = X4 = ■ ■ ■ = x p = 0. 

Let Wj (1 < j < n) satisfy Wj ^ and Wj+i = ■ • • = w n = 0. There are two cases to 
consider. 

Case 1. p > j. 



By Definition 14. 1[ x p+ \ = min(Z p — X p ,w p+ i) = mm(l — 0,0) = 0. Similarly, Xj + \ = 
■ ■ ■ — x n — 0, i.e., X = (0, . . . , 0). Then Y = (wi, . . . , w p -i, w p + 1, w p+1 , . . . , w n ). This 
means WZ = Y is a row which corresponds to the first part of Definition 13.11 

Case 2. p < j. 

There must exist a w t ,p < t < j such that w t 7^ and Wk = 0, p < k < t. If 
p + 1 = t, then x t = min(Z t _i — X t ^i,w t ) = mm(l — 0,w t ) = 1, and x« = min(Z i _ 1 — 
Xi_i,Wi) = mm(l — l,u>,) = 0,t + l<i<n. If p + 1 < t, then by Definition 14.11 
x p+ i = min(Z p — X p ,w p+ i) = mm(l — 0,0) = 0. Similarly, x p+2 = ■ ■■ = x t -\ = 0. 
Moreover x t = min{Z t -\ — X t -i, w t ) = min(l — 0,Wt) = 1, x t +i = min(Z t — X t , w t +i) = 0. 
Similarly, x t+2 — ■ ■ • — x n — 0. This shows that X = (0, . . . , 0, x t , 0, . . . , 0), where x t — 1. 
Now, y p = w p + z p - x p = w p + l, y t = w t + z t - x t = w t -l and y { = Wi + z { - x { = w h 1 < 
i < n,i 7^ p,i 7^ t, i.e., F = (toj, . . . , w p + 1, . . . , w t — 1, . . . , w n ), which corresponds to the 
second part of Definition 13.11 

Definition EH] =^ Definition I4TT1 

Clearly, x\ = and x 2 = min(zi, w 2 ) = min{Z\ — X\, w 2 ). 

Assume that for all t < m — 1 (t > 1, m > 3), x t = min(Z t _i — X t _i, w t ). Then 

x m = min(Z m _ 2 — X m _ 2 — + ^m-l> M ra) 

= mm(Z m „i - X m _i, u; m ) 

which shows that x p = min(Z p _i — X p _i, w p ) for any p. 

It is obvious that X p = x p + X p _i = min{Zp_\, X p _i + w p ), y q = w q + z q — x q and 
Y q = W q + Z q - X q . □ 

Corollary 4.3 In Definition ^. 1\ X - Y is a Young tableau. 
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4.2 Expressions of reductions 



In order to prove the Theorem 13.21 we have to check that all possible compositions in A, 
which are only intersections, are trivial. 

Let R = (7*1, r 2 , . . . , r n ), S = (s lt s 2 , . . . , s n ), T = (t lt t 2 , ...,t n )eU. 

For reductions, we will use the following notation. 



RST 



t'l 


r 2 


r 3 ■ ■ 


■ r n 


Si 


S 2 


S3 ■ ■ 




tl 


t 2 


t 3 .. 


tn 


Cl 


c 2 


c 3 • 




d\ 


d 2 


d 3 . 


■ d n 


bi 


b 2 


b 3 ■ 


■ K 



S-T = A-B 



R-A = C-D I , , , ,1 D ■ B = E ■ F 



n 


r 2 


r 3 ■ ■ 




a 1 


a 2 


a 3 . . 


■ a n 


h 


l>2 


b 3 


■ b n 


Cl 


c 2 


c 3 • 


■ ■ Cn 


ei 


e 2 


e 3 • 


• • &n 


h 


h 


/a ■ 


■ ■ fn 



RST 



H T = I ■ J 





r 2 


r 3 ■ ■ 


■ r n 


Si 


«2 


s 3 ■ ■ 


Sn 


h 


t2 


£ 3 


■ t n 


9i 


92 


93 ■ 


■ 9n 


h 




h ■ 


^n 


Ji 


32 


33 ■ 


■ In 



R-S = GH 



GI = K L 



9i 


92 


93 ■ 


■ ■ 9n 


hi 


h 2 


h 3 . 


■ ■ K 


h 


t 2 


*3 • 


■ ■ tn 


h 




k 3 .. 


k n 


h 


h 


h ■■ 


^n 


h 


J2 


33 ■ ■ 


■ 3n 



where 



A = (ai, a 2 , 
D = (di,d 2 , 
G = (91, 92,- 
J = (31J2, ■ 



, dn) , 



B = (bi, b 2 , . . . , b n ), C = (ci, c 2 , . . . , c„), 
E = (e x , e 2 , . . . , e n ), F = (/1, f 2 , . . . , /„), 
,9n), H= (hx,h 2 , ...,h n ), I = (ix,i 2 , . . . ,i n ), 
j n ), K = (ki, k 2 , . . . , k n ), L = {h,l 2 , . . .,l n ), 



and S-T = A-B,R-A = C-D,D-B = E-F,R-S = G-H,H-T = I- J,G-I = K-L G A. 
We will prove that 



Cl C 2 C3 

ei e 2 e 3 

fl / 2 /3 



fcl fc 2 fc 3 

^1 h h 
3i 32 33 



kf, 
In 



which implies that the intersection composition (RS, ST)rst = 0,mod(A, RST). There- 
fore, A is a Grobner-Shirshov basis of the algebra F(U \ A). 



By the definition of the algorithm in Definition 14.11 a\ = C\ = c 2 = e\ = g\ = i\ = 
ki = k 2 = h = 0. Therefore, one needs only to show that c p = k p and e q = l q for all 
3 < p < n, 2 < q < n. 

4.3 c p = k p (p> 3) 

We need the following lemmas to prove c p = k p (p > 3). 
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Lemma 4.4 For all p (1 < p < n), A p < I p . 

Proof. By the algorithm in Definition 14.11 A± = a% = i\ = I\ = 0. Assume that for 
all p < m — 1 (m > 2), A p < I p . Since 

A m = min(T m _i, A m _i + s m ), 

hm I'm 9rn 

we have A m < I m . Now by induction, the result follows. □ 

Lemma 4.5 Assume that p > 3, K p -\ = C p _i, K p = C p = A p ^\ < C p _i + r p and 
S p -i — G p -i > r p . Then K p = I p -\. 

Proof. Note that C p = min(A p -i, C p _i + r p ) and K p = min(I p -i, K p _\ + g p ). 
If - G p _i > r p , then g p = min(S p _i - G p _i, r p ) = r p . 

Therefore K p = C p = A p _\ < C p -\ + r p = K p _\ + g p , which concludes K p = I p -\. □ 

Lemma 4.6 Assume that p > 2, C p = K p , C p+ \ = K p+X and C p+ \ = C p + r p+1 . Then 
S p — G p > r p+ \. 

Proof. Note that C p+ \ = min(A p , C p + r p+1 ) and K p+1 = min(I p , K p + g p ) = 
min(I p , K p + S p - G p , K p + r p+1 ). 

If C p = K p ,C p+ i = K p+ i and C p+ i = C p + 7" p +i, then K p+ i = C p+ i = C p + r p+1 = 
K p + r p+1 . Therefore, I p > K p + r p+1 , K p + S p — G p > K p + r p+1 , which concludes 
S p — G p > r p+1 . □ 

4.3.1 C 3 = K 3 

Proof. Since c\ = c 2 = k\ = k 2 = 0, we have C% = c 3 and K% = k 3 . According to the 
algorithm in Definition 14.11 

c 3 = min(a 2 ,r 3 ) 

= min[min{ti, s 2 ),r 3 ] 

= mm(ti,s 2 ,r 3 ), 

k 3 = min(i 2 ,g 3 ) 

= min[min(ti, h 2 ),min(si + s 2 — g 2 , ^3)] 

= min[ti, r 2 + s 2 - min{sx,r 2 ), s 1 + s 2 - mm(s 1 ,r 2 ),r 3 ] 

= min[ti, s 2 + min(r 2 , s±) — min(si,r 2 ), r 3 ] 

= mm(ti,s 2 ,r 3 ). 

Therefore, C 3 = K 3 = min(ti, s 2 ,r 3 ). □ 



7 



4.3.2 C p = K P (p> 4) 

Proof. Assume that for all p < m — 1 (m > 4), C p = K p . Note that 

C m — J7M7l(T m _2, A m _2 + S m _i, C m _i + r m ), 
-^■m = TniTl(T m — 2) Im—2 ~\~ ^m— 1? 

K m _i + M, + r m ), 

where M = s m _i + - G m _ 2 - SVn-i- 
There are three cases to consider. 
Case 1. C m _i = A m _2- 

If An- 2 < C m -2 + T"m— 1 ; 'S'm-2 — G m -2 < r m _i, then 

C m —\ = A m _2i 

9m— 1 = "S'm-2 ~~ G m -2i 

'"m— 1 "I - &m— 1 $m— 2 "I - C m _ 2 ^* ^m— 1? 

M = s m _i, 

I'm— 2 fom—1 m— 1 *m— 1 ■ 

Therefore, if TO = C m = mm(T m _ 2 , C m _i + s m _i, C m _i + r m ). 
If A 

m— 2 < C m -2"F r m-lj S rn —2 G m —2 — r m—li then C m _i — A m _2, 9m— I — 7™m— 1) ^m— 1 — 

s m _i and M > s m _i. By Lemma 14.51 we have K m —\ = I m -2 an d I m -2 + ^m-i = 
-^m-i + s m _i- Therefore, ff m = C m = min(T m _ 2 , Cm-i + s m-i; 
Case 2. C m _i = A TO _ ? _ 2 + £'=1 r TO _;, where g < m - 4. 

The condition C m _i = A m _ g _ 2 + Yli=i r m-i implies that for all k < q (q < m — 4), 
Cm-k-i + r m -k < Am-k-i- Then C m - k = C m - k -i + r m -k and by Lemma SSI we have 

Sm—k—l G rn —k—l — Tm—ki 
9m— k Tm—ki 
hm—k S-m—ki 



<? 9+1 

Cm Tflin{T m —2i T m —3 &m— lj • • • > T'm—q—2 ^ £>m—ii ^4m— g— 2 ^ ^ ^m—ii C m —\ -\- 

i=l i=l 

-^Cn Tfl%n(T m — 2j T-m—'i ^m—li • • • ) r ^-m—q—2 ^ ^ ^m—iy 

i=l 

Q Q 

I'm—q—2 ^m— g— 1 "I - ^ ^ ^m—ii -^m—q—1 ^ ^ ^m—i i Kfn—1 ^m)i 



i=l 



where M = £)|Jf V-» + <S , m ^ g _ 2 - Cm-q-2 - - IX 1 
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If An-g-2 < Cm-g-2 + r m~q-l and D m - g -2 — C m _ g „2 < r m-g-l; then 



— 4 

^m—q—1 ■ rL m—q—2i 

Qm—q—1 'S'm— g— 2 ^ m—q—2i 

hm—q—1 fm— q— 1 "I - ^m— q— 1 'S'm— g— 2 ~t~ G^m— g— 2 ^* ^m-g-li 
9+1 9 



m — 8 ; 

1=1 8=1 

9 9+1 

i=l i=l 

9 9+1 

1=1 8=1 



ifm-g-l + r m _i + M = K m ^i + 

i=l i=l 
9 

Im—q—2 hm—q—1 ^ ^ ^m-i ^ -^m—q—l ^ ^ 



Therefore, 

9 9+1 

-^■m Tfl%n(T m — 2) T m _3 -\- S m —i, . . . , T m _q_2 ~\~ ^ ^ ^m-!i Cm-5-l "I - ^ ^ Sm—ii Cm— 1 "I - '"to) 

1=1 8=1 

Cm- 

If -A-m-q-2 < Cm-q—2 + r m-g-l and S m - q -2 — G m —q—2 > T m —q— 1, then C m — q —l = v4 m _g_2) 

^ m _ g _i = r m _ g _i and /i m _ g _i = s m _ g _i. By Lemma 031 

IX" _ r 

- fv m— g— 1 1 m—q—2i 
9+1 9 

M > ^ s m _i - r m _i, 

i=l i=l 

9 9+1 

*m— 8; 

8=1 8=1 

9 9+1 

Im—q—2 hm—q—1 ^ ^ ^m—i -^m—q—1 ^ ^ ^m— i' 
8=1 8=1 

Therefore, 

9 9+1 

-^TO 17li7l(T m — 2, T m —3 -\- S m _i, • • • , T m —q—2 ~\~ ^ ^ ^m-ii C*m— g— 1 "I - ^ ^ ^m—ii Cm— 1 "I - ^m) C m . 

8=1 8 = 1 

Case 3. C m _i = C 2 + r ™-*- 

The condition C m _i = C 2 + Xli=i 3r m-* implies that for all < g = m — 3, C m _fc_i + 
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r m -k < An-fc-i and so Cm-fc = Cm-fc-i + r m _ fc . Now, by Lemma |M1 

Sm—k—l — Tm—ki 

9m— k ^m—ki 



m—k ^m—ki 
m—2 m—3 



h"m—k S 
m-2 

Af = ^ S m _i + Si - G X - 92 ~ ^2 

i=l i=l 
m—2 m—3 



m—i 



m— %• 



i=l i=l 



= ^ S m-i + S l ~ 92 ~ ^2 

Thus, 

C m = r min(T m -2, Tm-3 + s m _i, . . . , T\ + ^2 s m -i, A\ + ^2 Sm-i> C m _i + 

i=l i=l 
?n— 3 m—2 

$171— 1) • • • ) -^1 'm}i 

i=l 



m—3 m—2 



and 



m—3 m—3 



-^m — Wm(T m _2, T m _ 3 + S m _l, . . . , Ti + S m-i, h + h 2 + ^2 S m-i- 

i=l i=l 

m—3 

^2 + ^ r ™-' + M ' + 
8=1 

m—3 

mm(T m _ 2 , T m _ 3 + s m _i, . . . , T x + } j s m -„ 

i=i 

m-2 

^ Sm-i + min(h 2 - s 2 , si - # 2 ), #m-i + r m ). 



i=i 

Since 

min(h 2 — s 2 , Si — g 2 ) = min[r 2 — min(si,r 2 ), s\ — min(si,r 2 )} 

= min(r 2 , Si) — min(si,r 2 ) 

= 0, 

one gets 

m—3 m—2 

K m Tnin(T m — 2 , X m _3 -\- s m _i, . . . , T\ -\- ^ ^ s m _j, ^ ^ s m _j, K m —i -\- r m ) C m . 

i=l i=l 

Therefore, the proof of K TO = C m is complete. □ 

Therefore, we have shown that C p = K p (1 < p < n) which, by using the formulas in 
Definition 14. 1[ is clearly equivalent to c p = k p (1 < p < n). 
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4.4 e p = l p (p> 2) 

We need the following lemmas to prove e p = l p (p > 2). 

Lemma 4.7 For any p (p < n), S p + C p — G p — A p > . 

Proof. For p = 1, we have Si + C\ - Gi - = s x > 0. 
Assume that for all p < m — 1 (m > 2), + C p — G p — Ap > 0. 
If A m _i < C m _i + r m , then C m = A m _ x and 

>S m -|- C m G m A m ^ S m -\- A m _\ S m —i A m _i s m 0. 

If C m -\ + r m < A m -i, then C m = C m -\ + r m . By section 4.3, we have K m = C m and 
K m _i = C m -i- Then by Lemma [4.61 

Sm—l G m —i ^ fm) 
G m G m —i ~\- T m . 

So, 

"I - C m G m A m S m -\- C m —i -\- v m G rn — i v rn A m 

Cm— 1 G m —i A m 
Sm—l C m —i G m —1 A m —i -\- S m d m 
— Sm 

Tflin(T m -. i A m _i, Sm) 

> 0. 

The proof is complete. □ 
Lemma 4.8 // 5 P + C p — G p — Ap > 0, then A p = I p . 
Proof. For p = 1, we have Ai = Ii = 0. 

Assume that for all p < m — 1 (m > 2), A p = I p if S p + C p — G p — A p > 0. By using 
Lemma 14. 7\ S m + C m — G m — A m > 0. Suppose that S m + C m — G m — A m > 0. Then by 
the proof of Lemma 14. 7^ one of the following four conditions should be satisfied. 

(0211) A 

m— 1 ^ C m — l ~\~ Tmi A m Tm—1 *^ A m —l ~\~ S m , 
@2) A m _! 

(14.813) C m _i + r m < A m -i, S m -i + C m -\ — G m -i — A m -i > 0; 

(|4.8|4) C m _i + r m < A m _i, SVrt-i + C m -i — G m -\ — A m _\ = 0, s m > a m . 

Assume (14.81 1). Then C m = A m -i, and by Lemma I4~4"t A m = T m -i < A m -i + s m < 
I'm—i h m . So, A m I m T m —\. 

Assume (J4TBJ2). Then C m = An-i, 3™ = ?" TO , = s m , and by LemmaSS], K m = l m _ x . 
Thus, A m = I m = min(T m -i, C m + s m ). 

Assume (14.81 3). Then C m = C m _i + r m . Since K m = C m and K m _i = C m _i, by 
Lemma SSI we have S m -i - G m _ x > r m , g m = r m , h m = s m and A m _ x = I m _ x . So, 

A m Im HT''i7T>(T'm—l ; A m —1 ~\~ S m ). 

Assume (14.81 4). Then C m = C m _i + r m and a m = T m _\ — A m _i. By Lemma S3J 

A m Tm—l *^ A m —l ~\~ S m ^ I m —i -\- h m - So, ^4 m -An I'm—I- ^ 
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4.4.1 e 2 = h 
Proof. 



e 2 = min(bi,d,2) 

= min(si + ti,r 2 + a 2 ) 

= min[s\ + ti, r 2 + min(ti, s 2 )] 

= min{si +ti,ti + r 2 , r 2 + s 2 ), 

^2 = #2 + «2 

= min(si, r 2 ) + min(ti, h 2 ) 

= min(si, r 2 ) + min[ti, r 2 + s 2 — min(si, r 2 )] 

= min(si + t\,ti + r 2) r 2 + s 2 ) 

= e 2 . 



4.4.2 e p = l p (p> 3) 

Proof. Assume that for any p < m — 1 (m > 3), e p = Z p . 

Since E m _i = L m _i = G m _i + J m -i — -K'm-i an d -K'm-i — C m -i — Cm — c m , we have 

e m = min(B m -i-4-i,4i) 

Tnin(S m —\ -\- T m —\ A m —\ E m —i, v m -\- o, m c m ) 
= iJiin[5 m _i + T m _i — A m ^i — E rn _i, r m + mm(T m _i — A m ^i, s m ) — c m ] 
Tnin(S m —i -\- T m —\ -\- C m A m ^\ G m —i / m _i, v m -\- T m _i A rn —i, 

'"m Sm) Cmj 
^m S'm ^m 

= miniySra—i G m —i, r m ) + min(T m —\ X m _i, /i m ) A; m 
= min(S' m _i + T m _i — G m _i — I m -ii S m -i ~ G m -i + /i m , 

'"m "I - -^m— 1 ^m— 1) '"to "I - ^m) ^m- 

There are two cases to consider. 
Case 1. A m _i < C m _i + r m . 
Then C m = A TO _i. 
If S^-i - G m _i < r m , then 

/i m r m -)- s m S m — i -f- G m —\ i> s m , 

*Sm— 1 G m —\ -\- h m "I - "^m ^ '"m H~ ^m 



and by Lemma 14.41 



'm— l "I - T m —i G m —i I m —\ <C r m -|- T m —\ I m —\ 

— '"to "I - -^TO— 1 -^m— !■ 
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Therefore, l m c m Tnini^Sm—i -\- 1 m —\ G m —i Im—ii^m ^m) c m . 
If S m -i - G m -i > r m , then g m = r m , h m = s m , and by Lemma S21 

K - T 

11 in 1 m—li 

Sm—1 ~\~ I'm— i G m —\ I m —\ ^ T m -\- T m —\ I m —1 T m -\- T m —\ K m , 
Sm—1 G m —\ h"m Sm—1 &m — '"m "I - ^m- 

Therefore, l m = e m = min(Tm—i — C m , s m ) + r m — c m . 
Case 2. C m —i + r m < A m _i. 
Then C m = C m _i + r m , and by Lemma 032, 

Sm— 1 G m —\ ^ fmi 
SVra ''mi 

Sm— 1 "I - Tm— 1 Gr m —\ I m —\ ^ T m -)- T m —1 Im—li 
Sm—1 — '"m "I - ^m '"m "I - ^>m> 

Cm TTlin(S m —i ~\- 1m—l ~\- Cm—1 A m —1 G m —\ l m —li T m —\ A m —li Sm) I'm *-V, 

l m Tnin(Tm—i I m —ij s m ) -|- v m k m . 

By Lemma EH S'm-i + C m _i - G m _i - A m _i > 0. 
If S m -i + C m -i - G m _i - A m _ x = 0, by Lemma HI 



Tnin(Tm—l Im—ljlm—l ^m—lt^m) '"m 

Tnin(T m — i I m —ii s m ) -|- r m A; m 



If S' m _i + C m _i - G m _i - A m _i > 0, by Lemma 

^m— 1 Im—li 

Sm—1 I'm— I G m —1 A m —1 G m ^\ 1m— 1 ^* 1m— 1 ^m— 1- 



Therefore, 



Tnin(T m —l Im—li &m) 



□ 



Acknowledgement: The authors would like to thank Professor L.A. Bokut for his guid- 
ance, useful discussions and enthusiastic encouragement in writing up this paper. 

References 

[1] G.M. Bergman, The diamond lemma for ring theory, Adv. in Math., 29, 178-218 
(1978). 



13 



[2] L.A. Bokut, Unsolvability of the word problem, and subalgebras of finitely presented 
Lie algebras, Izv. Akad. Nauk. SSSR Ser. Mat, 36, 1173-1219 (1972). 

[3] L.A. Bokut, Imbeddings into simple associative algebras, Algebra i Logika, 15, 117-142 
(1976). 

[4] B. Buchberger, An algorithm for finding a basis for the residue class ring of a zero- 
dimensional polynomial ideal [in German], Ph.D. thesis, University of Innsbruck, Aus- 
tria (1965). 

[5] B. Buchberger, An algorithmical criteria for the solvability of algebraic systems of 
equations [in German], Aequationes Math., 4, 374-383 (1970). 

[6] D.E. Knuth, Permutations, matrices, and generalized Young tableaux, Pacific J. 
Math., 34, 709-727 (1970). 

[7] Lukasz Kubat and Jan Oknihskii, Grobner- Shirshov bases for plactic algebras, 
larXiv:1010.3338V l 

[8] A. Lascoux, B. Leclerc and J. Y. Thibon, The plactic monoid, in: Algebraic Combi- 
natorics on Words, Cambridge Univ. Press, 2002. 

[9] A. Lascoux and M.-P. Schutzenberger, Le monoide plaxique, in De Luca, A. (ED.), 
Non- Commutative Structures in Algebra and Geometric Combinatorics, Vol. 109 of 
Quaderni de "La Ricerca Scientifica" , pp. 129-156. Consiglio Nazionale delle Ricerche, 
1981. 

[10] C. Schensted, Longest increasing and decreasing sub-sequences, Canad. J. Math., 13, 
179-191 (1961). 

[11] A.I. Shirshov, Some algorithmic problem for Lie algebras, Sibirsk. Mat. Z., 3, 292-296 
(1962) (in Russian); English translation in SIGSAM Bull, 33(2), 3-6 (1999). 

[12] Selected works of A.I. Shirshov, Eds L.A. Bokut, V. Latyshev, I. Shestakov, E. Zel- 
manov, Trs M. Bremner, M. Kochetov, Birkhauser, Basel, Boston, Berlin, 2009. 



14 



